In this paper we define a new class of functions called local Morrey-Lorentz spaces M loc p,q;λ (R n ), 0 < p, q ≤ ∞ and 0 ≤ λ ≤ 1. These spaces generalize Lorentz spaces such
Introduction
The aim of this paper is to define a new class of functions called local Morrey-Lorentz spaces M loc p,q;λ (R n ) and to study the boundedness of the maximal operator in these spaces. 
|B(x, t)| be the Lebesgue measure of the ball B(x, t).
Note that |B(x, t)| = ω n t n , where ω n denotes the volume of the unit ball in R n . Let f be a locally integrable function on R n . The
Hardy-Littlewood maximal function Mf of f is defined by
Maximal operators play an important role in the differentiability properties of functions, singular integrals and partial differential equations. They often provide a deeper and more http://www.journalofinequalitiesandapplications.com/content/2013/1/346 simplified approach to understanding problems in these areas than other methods. It is well known that for the classical Hardy-Littlewood maximal operator the rearrangement inequality
holds, ([], Chapter , Theorem .), where f * (t) is the non-increasing rearrangement of f and
is the set of all measurable func-
Here · L p,q denotes the Lorentz norm of a function (see preliminaries).
In [], Section ., Mingione studied the boundedness of the restricted fractional max- 
Accordingly, f belongs to Recall that the local Morrey-type spaces LM pθ,w were introduced and the boundedness in these spaces of the fractional integral operators and singular integral operators defined on homogeneous Lie groups were proved by Guliyev [] in the doctoral thesis (see, also [-]). They are given by
where w is a positive measurable function defined on (, ∞). Some necessary and sufficient conditions for the boundedness of the maximal, fractional maximal, Riesz potential and singular integral operators in the local Morrey-type space LM pθ,w were given in [-]. We should explain that the spaces LM pθ,w are closely related to the B σ spaces (see [, ] ).
This paper is organized as follows. In Section  we give some notations and definitions of the Morrey, Lorentz and classical Lorentz spaces. In Section  we define a new class of functions called local Morrey-
These spaces generalize Lorentz spaces such that M
is trivial, and in the limiting case λ = , the space
In Section  we prove the boundedness of the maximal operator in
Throughout the paper, we write A B if there exists a positive constant C, independent of appropriate quantities such as functions, satisfying A ≤ CB. If p ∈ [, ∞], the conjugate number p is defined by p = 
Preliminaries
Let E be a measurable subset of R n and |E| = E dx. We denote by L p (E) the class of all measurable functions f defined on E for which
We define rearrangement of f in decreasing order by
where μ f (λ) denotes the distribution function of f given by
We denote by WL p (R n ) the weak L p space of all measurable functions f with the quasi- 
Lorentz spaces were introduced by Lorentz in . Lorentz spaces, which are Banach spaces and generalizations of the more familiar L p spaces, appear to be useful in the general interpolation theory.
Definition  The Lorentz space L p,q (R n ),  < p, q ≤ ∞, is the collection of all measurable functions f on R n such the quantity
In the case  < p, q ≤ ∞, we give a functional · *
We denote by M(R n ) the set of all extended real-valued measurable functions on R n and by M + (, ∞) the set of all non-negative measurable functions on (, ∞).
Definition  Let  < p ≤ ∞ and ψ ∈ M + (, ∞). We denote by p,ψ (R n ) the classical Lorentz spaces, the spaces of all measurable functions with a finite quasi-norm 
We also show that for
Morrey-Lorentz spaces, the spaces of all measurable functions with a finite quasi-norm
where is the set of all functions equivalent to
By the Lebesgue theorem, we have 
), for any t > , we have
Therefore we get
The following theorem states that M 
